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Abstract
A space is od-compact (resp. od-Lindelo¨f) provided any cover by open dense sets
has a finite (resp. countable) subcover. We first show with simple examples that
these properties behave quite poorly under finite or countable unions. We then in-
vestigate the relations between Lindelo¨fness, od-Lindelo¨fness and linear Lindelo¨fness
(and similar relations with ‘compact’). We prove in particular that if a T1 space is
od-compact, then the subset of its non-isolated points is compact. If a T1 space is
od-Lindelo¨f, we only get that the subset of its non-isolated points is linearly Lin-
delo¨f. Though, Lindelo¨fness follows if the space is moreover locally openly Lindelo¨f
(i.e. each point has an open Lindelo¨f neighborhood).
Note
After the completion (and publication) of this paper, the author became aware that
stronger results were obtained by Mills and E. Wattel some time ago in [12]. See also
[6]. Some of our results were actually proved even before in [8].
1 Introduction
In the middle of an argument involving Baire theorem, we noticed that we did not
need the space under scrutinity to be really Lindelo¨f, but rather that any cover of
it by open dense sets had a countable subcover. We then wondered whether this
alternative definition of Lindelo¨fness, called here od-Lindelo¨fness, was interesting in
itself, as well as the similarly defined notion of od-compactness. These notes are the
results of our musings, which may be summarized as follows.
• od-compact spaces behave quite horribly when taking unions, even when just
two subspaces are involved, and there are even completely metrizable spaces that
behave bad in this respect. A finite union of od-compact closed spaces is od-compact,
though. On the other hand a countable union of od-Lindelo¨f closed spaces does not
need to be od-Lindelo¨f.
• The image of an od-compact space under a continuous map is not always od-
compact, and the same holds for od-Lindelo¨f spaces. However the properties are
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preserved when the map is open. Moreover, the image of a T1 od-compact space by
a closed map is od-compact.
• Trivial examples of od-compact spaces are the discrete ones. But in a way they
are the only non-compact ones. In fact, the subset of non-isolated points of a T1 od-
compact space is compact. For od-Lindelo¨fness, our results are not that strong. First,
an od-Lindelo¨f T1 space that does not contain a clopen uncountable discrete subset
and which is locally openly Lindelo¨f is Lindelo¨f (see below for undefined terminology).
If one drops the last assumption, then we could only obtain that the space is linearly
Lindelo¨f. (In fact, the result for od-compact spaces follows from the equivalence
of the linarly compact and compact notions.) Moreover, the examples we know of
linearly Lindelo¨f spaces that are not Lindelo¨f happen to be non-od-Lindelo¨f as well.
We have not found older references to these od-notions, but since our examples
and proofs are rather elementary, we would not be surprised if some of our results
already appeared somewhere. Perhaps the above points provide an explanation for
this absence in the literature: od-compact and od-Lindelo¨f properties are not ‘robust’
at all, and moreover (at least for the compact case), differ only slightly from the usual
compact and Lindelo¨f notions. However, we would be interested in finding a non-
trivial example of od-Lindelo¨f non-Lindelo¨f space, or in showing that there is none.
This note is organized as follows. In Section 2 we give the definitions and show
some equivalences. In Section 3 we investigate the behavior of the od- properties when
taking unions. Then, we prove the above mentioned theorem relating od-Lindelo¨fness
with Lindelo¨fness in Section 4 while the relation with linear Lindelo¨fness is shown in
Section 5. The short Section 6 contains the above mentioned results about images
of od-Lindelo¨f and od-compact spaces under open and closed maps. We included a
short appendix containing classical results featuring compactness, Lindelo¨fness and
complete accumulation points.
Most of this note does not contain or use technicalities beyond the basics of
topology and elementary ordinal/cardinal manipulation, and is fairly self contained.
However, some of the examples we shall give are classical spaces of set-theoretic
topology for which we will just give a reference, and we shall have a few words about
more recent constructions of linearly Lindelo¨f non-Lindelo¨f spaces. We shall refer to
the articles where these spaces were described for more details.
2 Definitions
‘Space’ always means ‘topological space’. We use the greek letters α, β, γ for ordinals,
and κ, λ, τ for cardinals. We denote by B and int(B) the closure and interior of a
subset of a space.
Definition 2.1. Let X be a space.
• L(X) is the smallest cardinal κ such any open cover of X has a subcover of
cardinality < κ. X is compact if L(X) ≤ ω and Lindelo¨f if L(X) ≤ ω1, and
more generally Lindelo¨fκ if L(X) ≤ κ.
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• ℓL(X) is the smallest cardinal κ such any open cover of X, which is a chain
for the inclusion (in short: a chain-cover), has a subcover of cardinality < κ.
X is linearly compact if ℓL(X) ≤ ω and linearly Lindelo¨f if ℓL(X) ≤ ω1, and
more generally linearly Lindelo¨fκ if ℓL(X) ≤ κ.
• odL(X) is the smallest cardinal κ such any cover of X by open dense sets (in
short: an od-cover) has a subcover of cardinality < κ. X is od-compact if
odL(X) ≤ ω and od-Lindelo¨f if odL(X) ≤ ω1, and more generally od-Lindelo¨fκ
if odL(X) ≤ κ.
Beware than in a lot of texts, the similar Lindelo¨f degree of a space is defined a
bit differently (for instance, L(R) = ω1, while its Lindelo¨f degree is ω). We chosed
this definition because it seems to enable shorter statements when compact spaces
are also involved. Of course, Lindelo¨fω and Lindelo¨fω1 are synonyms of compact and
Lindelo¨f. Notice also that we do not assume any separation axiom for compactness
and Lindelo¨fness, though it is not difficult to show that one can assume our spaces to
be T0 by taking Kolmogorov quotients. It was shown long ago that linearly compact
spaces are compact, see the appendix.
Examples 2.2.
• Any Lindelo¨fκ space is od-Lindelo¨fκ and linearly Lindelo¨fκ.
• Any space with the discrete topology is od-compact (in fact, odL(X) = 2).
Recall the following elementary lemma:
Lemma 2.3.
a) For a topological space X and κ ≥ ω, L(X) = κ iff L(Y ) = κ for each closed
Y ⊂ X, iff given a family of closed sets with empty intersection, there is a subfamily
of cardinality < κ with empty intersection.
b) If X is a union of κ spaces Xα with L(Xα) ≤ λ for a regular λ, then L(X) ≤ κ ·λ.
When od- properties are concerned, we obtain:
Lemma 2.4. Are equivalent:
a) odL(X) ≤ κ,
b) Any cover of X by open sets such that at least one is dense has a subcover of
cardinality < κ.
c) odL(Y ) ≤ κ for each closed Y ⊂ X,
d) L(Y ) ≤ κ for each Y ⊂ X closed and nowhere dense.
In particular: a space is od-compact (resp. od-Lindelo¨f) iff each of its closed
nowhere dense subsets is compact (resp. Lindelo¨f).
Proof.
a) and b) are easily seen equivalent: given an open cover Uα for α ∈ λ with U0 dense,
then the sets U0 ∪ Uα form an od-cover.
a) ⇒ c) If C is closed in X and U is an open dense set in C, then there is a V open
in X with C ∩ V = U , and V ∪ (X − C) is dense.
c) ⇒ a) Immediate.
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a) ⇒ d) If L(Y ) > κ for some nowhere dense closed Y , then given a cover of Y
witnessing this fact we find an od-cover of X taking the union of each member with
X − Y .
d)⇒ b) Given an open cover Uα (α ∈ λ) of X such that U0 is dense, set Bα = X−Uα.
Then B0 is nowhere dense, and ∩α∈λBα = ∩α∈λ(B0 ∩ Bα) = ∅. Since L(B0) ≤ κ,
there is a subfamily of the Bα of cardinality < κ with empty intersection by Lemma
2.3 a). The corresponding family of Uα cover X.
3 Unions of od-Lindelo¨fκ spaces
The od-covering properties behave in a quite horrible manner when taking unions.
Example 3.1. For each cardinal κ ≥ ω, there is a T1 space X with odL(X) = κ
+,
which satisfies X = X0 ⊔X1, where X0 is compact and X1 closed and discrete (so
odL(X0) = ω, odL(X1) = 2).
If κ = ω set γ = ω · ω, otherwise set γ = κ. X is given by (γ + 1) × {0, 1} with
the following topology. Let the topology on X0 = (γ + 1) × {0} be the usual order
topology of γ+1, X0 is thus compact. The neighborhoods of (α, 1) are all the subsets
of X than can be written as (U −F )×{0} ⊔F ×{1}, where U is open in γ +1, and
F ⊂ U is a finite set containing α. Then X1 = (γ + 1) × {1} is discrete in X. One
shows easily that X is T1 (but not Hausdorff). Set U to be the open set given by X0
union {(α, 1) : α successor}. (Recall that {α} is open in γ + 1 iff α is successor.) U
is dense in X. For each limit α ∈ γ+1, set Uα = U ∪ (α×{1}), Uα is then open and
dense. The od-cover by the Uαs does not have any subcover of cardinality < κ.
The same type of idea can be used to obtain:
Example 3.2. For each cardinal κ ≥ ω, there is a completely metrizable space X
with odL(X) ≥ κ+, which satisfies X = X0 ⊔X1, where X0,X1 are discrete and X0
is closed (so odL(X0) = odL(X1) = 2).
Take X to be a disjoint union of clopen copies Jα (α ∈ κ) of {0} ∪ {
1
m
: m ∈ ω},
each with its usual topology. A complete metric on X is given by the usual distance
for two points in the same Jα, while two points in two different Jα are at distance
2. Then X0 is the union of the 0 points, while X1 is its complement. The od-cover
given by the Uα defined as X1 ∪ Jα has no proper subcover.
Still another example in the same vein, this time for (non)-od-Lindelo¨f spaces,
showing that we cannot even trust a subspace of a (non-metrizable) 2-manifold:
Example 3.3. There is a subspace S of a 2-manifold with odL(S) = L(S) = (2ω)+,
such that S = A⊔B, with A closed discrete, and B ≃ R2 (so odL(A) = 2, odL(B) =
ω1).
This example is the subset of the (separable version of the) Pru¨fer surface, with
A being given by taking one point in each boundary component, and B is the interior
(i.e. the surface minus the boundary components). See for instance the appendix in
[15] for a description. The idea is essentially a ‘manifold equivalent’ to the tangent
disk topology on the half plane which is described in [16, Example 82]. Both contain a
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closed nowhere dense discrete subset of cardinality 2ω, and are thus non-od-Lindelo¨f2ω
by Lemma 2.4.
Examples 3.1 to 3.3 all make use of a closed discrete subset whose complement
is dense. It is easy to see that one cannot hope to find two closed sets whose union
behaves that bad:
Lemma 3.4. Let κ be an infinite cardinal. If X = X0 ∪ · · · ∪Xn is a finite union of
closed od-Lindelo¨fκ subsets for i = 1, . . . , n, then odL(X) ≤ κ.
Proof. We prove it for two subsets, the general case follows by induction. Let thus
X = X0 ∪ X1, and let B ⊂ X be closed and nowhere dense. We shall show that
L(B ∩ Xi) ≤ κ for i = 0, 1, which implies L(B) ≤ κ and the result by Lemma 2.4.
We may thus assume first that B ⊂ X0, the other case being entirely symmetric.
Denote by int0 the interior for the induced topology in X0. If int0(B) is empty,
then B is nowhere dense in X0 and L(B) ≤ κ by Lemma 2.4. If not, let U ⊂ X
be open with U ∩X0 = int0(B) (as in Figure 1). Notice that L(B − int0(B)) ≤ κ,
since B − int0(B) is closed and nowhere dense in X0. If (U ∩X0) −X1 6= ∅, then
(U −X1) ⊂ U ∩X0 ⊂ B, so B is not nowhere dense in X. Thus (U ∩X0) ⊂ X1, so
U = (U ∩X0) ∪ (U ∩X1) ⊂ X1,
U ∩X1 is open in X, and contains int0(B). It follows that int0(B) is nowhere dense
in X1 (otherwise for some W open in U and thus in X, W ⊂ int0(B) ⊂ B), so
L(int0(B)) ≤ κ, where the closure is taken in X1 (or in X since X1 is closed). Since
B = int0(B) ∪
(
B − int0(B)
)
, L(B) ≤ κ.
X X0 1B U
Figure 1: Proof of Lemma 3.4.
Also, there is no Hausdorff space that has the properties of Example 3.1:
Lemma 3.5.
a) If X = X0 ∪X1 with X0 closed, L(X0) ≤ κ, and odL(X1) ≤ κ, then odL(X) ≤ κ.
b) If X = X0∪X1 is Hausdorff, with X0 compact and odL(X1) ≤ κ, then odL(X) ≤ κ.
Proof. a) Take B ⊂ X to be nowhere dense and closed. By Lemma 2.3, L(B ∩
X0) ≤ κ, and since X1 − X0 is open, B ∩ (X1 − X0) is nowhere dense in X1, so
L(B ∩ (X1 −X0)) ≤ κ. Thus L(B) ≤ κ.
b) Since X is Hausdorff, X0 is closed, and we apply a).
The situation with countable unions is bad even for σ-discrete (i.e. a countable
union of closed discrete subspaces) spaces.
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Example 3.6. There are Tychonov locally compact σ-discrete non-od-Lindelo¨f spaces.
Such a space is thus a countable union of closed od-compact subspaces but is
non-od-Lindelo¨f. Any Hausdorff Aronszajn special ω1-tree T with the order topology
is such an example, since it is a countable union of antichains which are closed dis-
crete subspaces and thus od-compact (see for instance [14] for definitions, especially
Theorem 4.11). Moreover such a tree is locally compact and Hausdorff, and thus
Tychonov. However, if one denotes the members of T at height α by Tα and the set
of limit ordinals by Λ, the od-cover given by Uα = T −∪β∈Λ, β>αTα has no countable
subcover.
4 od-Lindelo¨fness in locally (openly) Lindelo¨f
spaces
From now on, ‘cardinal’ means ‘infinite cardinal’. There are various definitions of
local Lindelo¨fness in the literature. We opted for the following terminology for clarity.
Definition 4.1. Let τ be a regular cardinal. A space X is locally [openly] Lindelo¨fτ
provided each of its points possesses a Lindelo¨fτ neighborhood [which is open].
Recall that the notions agree for regular spaces (and regular cardinals τ ≥ ω1):
Lemma 4.2. Let τ ≥ ω1 be regular, and X be a regular space. Then X is locally
Lindelo¨fτ if and only if it is locally openly Lindelo¨fτ , if and only if it has a basis of
closed Lindelo¨f neighborhoods.
A proof can be found for instance instance by combining [7, Theorem 2.3] and [5,
Prop. 1.1] (the result is stated for τ = ω1, but the proof works in general). When
the space is not regular, the result does not hold anymore:
Examples 4.3.
• The everywhere doubled line (see [4]) is a locally Euclidean T1 space which is locally
(openly) Lindelo¨f but does not have a basis of closed Lindelo¨f neighborhoods.
• The half disk topology (Example 78 in [16]) is a Hausdorff example of such a space.
(Neither example is od-Lindelo¨f, though.) The goal of this section is the proof of
the following theorem.
Theorem 4.4. Let τ be a regular cardinal, X be a T1 locally openly Lindelo¨fτ space
with odL(X) ≤ τ . Then either L(X) ≤ τ , or there is a clopen discrete subset of
cardinality ≥ τ in X .
(Note that when κ = ω, Theorem 5.1 c) below is much stronger.) The core of the
proof is essentially contained in the next lemma.
Lemma 4.5. Let τ, λ be regular cardinals, and let X be a T1 space with odL(X) ≤ τ .
Let Y ⊂ X be closed, and Zα be open for α ∈ λ, such that Y ⊂ ∪α∈λZα, Zα ⊂ Zβ
whenever α < β < λ, Zα 6⊃ Y for each α. Then, either λ < τ , or λ ≥ τ and there is
a discrete subset D ⊂ Y , clopen in X, of cardinality ≥ λ.
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Proof. We shall define xα ∈ Y and f : λ → λ as follows. Set f(0) = 0. Given f(α),
choose xα ∈ Y − Zf(α), and set f(α + 1) to be the smallest β such that Zβ ∋ xα.
When α is limit, set f(α) = supβ<α f(α). Since λ is regular, f(α) and xα are defined
for each α < λ. Set Uα = Zf(α), the Uαs have the same properties as the Zαs, and
xα ∈ Uα+1 − Uα. (1)
Let E be the set of α such that (Uα −Uα)∩ Y 6= ∅. If E is cofinal in λ, then letting
Vα = X − ∪α<β<λ(Uβ − Uβ) ∩ Y,
we get a cover of X by open dense subsets without any subcover of cardinality < λ,
which implies λ < τ . The Vαs are indeed open, since any point y in the closure of
∪α<β<λ(Uβ − Uβ) ∩ Y must be in Y , and thus in Uγ for some γ which we can take
minimal, γ is therefore successor and equal to some ξ + 1, with ξ > α. Then y ∈ Uξ,
otherwise Uγ − Uξ is a neighborhood of y that intersects no (Uβ − Uβ), and y 6∈ Uξ
by minimality of γ. So y ∈ (Uξ − Uξ) ∩ Y .
We may thus assume that E ⊂ α < λ for some α, and in fact that E = ∅. Set
B = {xα : α ∈ λ}. By (1), {xα} is open in B for the induced topology. Since X
is T1 and the Uα cover Y which is closed, B − B is contained in the union of the
(Uα − Uα) ∩ Y for limit α, which are empty, thus B is closed, as well as any of its
subsets. If the interior of B is contained in some Uα, then B − Uα is closed and
nowhere dense, so by Lemma 2.4, L(B − Uα) ≤ τ . But the Uβ for β < λ cover it
and there is no subcover of cardinality < λ by (1), and thus λ < τ . So let us assume
now that int(B) is not contained in any Uα. Then the α for which {xα} is open in
X are cofinal in λ. Call D the union of all these open {xα}, then D is clopen and
|D| = λ.
Another auxiliary result that we shall use:
Lemma 4.6. If there is a subset U ⊂ X which is open, Lindelo¨fτ and such that U
is not Lindelo¨fτ , then odL(X) > τ .
Proof. Otherwise, the nowhere dense closed subset U − U would be Lindelo¨fτ by
Lemma 2.4, and U = (U − U) ∪ U as well.
We now start the proof of Theorem 4.4 in earnest.
Proof of Theorem 4.4. Suppose that L(X) > τ . By Lemma 4.6, we can assume that
U is Lindelo¨fτ whenever U is open and Lindelo¨fτ . (2)
We will build open subsets Xα for ordinals α. Let X0 ⊂ X be any open Lindelo¨fτ
subset, and build Xα as follows. If α is limit, take Xα = ∪β<αXβ. If α = β + 1 and
Xβ −Xβ 6= ∅, take a Lindelo¨fτ open neighborood Ux of each x ∈ Xβ −Xβ . If Xβ is
Lindelo¨fτ (and thus, Xβ −Xβ as well), extract a subcover Uxi (i ∈ τ0 < τ), and set
Xα = Xβ ∪ (∪i∈τ0Uxi) (Xα is then Lindelo¨fτ by Lemma 2.3). If such a subcover does
not exist, set Xα = Xβ ∪ (∪x∈Xβ−XβUx). If Xβ = Xβ 6= X, choose an open Lindelo¨fτ
set U disjoint from Xβ, and set Xα = Xβ ∪ U .
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By construction, we have Xβ ⊂ Xα whenever β < α. For some α, X = Xα.
Take α to be minimal with this property. Let β be the supremum of {γ < α :
Xγ is Lindelo¨fτ}. Then Xβ is not Lindelo¨fτ , otherwise by construction and (2), so
would be Xβ+1. Likewise, Xβ is not Lindelo¨fτ . If β is successor, Xβ−1 would be
Lindelo¨fτ , so Xβ as well, and similarly, if β is limit with cf(β) < τ , Xβ = ∪γ<βXγ
would be a union of less than τ Lindelo¨fτ spaces, and therefore Lindelo¨fτ by Lemma
2.3. Thus, cf(β) ≥ τ . We now have two cases. (The case β = α is contained in the
first one, with V = ∅.)
1) There is an open V ⊃ (Xβ − Xβ) such that the set {γ < β : (Xβ − (V ∪
Xγ)) 6= ∅} is cofinal in β. Then, X satisfies the assumptions of Lemma 4.5
with Y = Xβ − V and λ = cf(β) ≥ τ , and X contains a clopen discrete subset
of cardinality ≥ τ .
2) For any open set V ⊃ (Xβ −Xβ), there is a γ < β such that (Xβ −Xγ) ⊂ V .
Suppose that Xβ − Xβ is Lindelo¨fτ , and let 〈Ui : i ∈ I〉 be an open cover of
Xβ . Extract a subcover of Xβ −Xβ of cardinality < τ , and choose γ < β such
that Xγ is Lindelo¨fτ and (Xβ −Xγ) is included in the union of this subcover.
Adding a subcover of Xγ of cardinality < τ and putting everything together
yields a subcover of Xβ of the same cardinality, so Xβ is Lindelo¨fτ , and Xβ+1
as well, contradicting the definition of β. Therefore Xβ −Xβ is not Lindelo¨fτ .
Let thus Ui (i ∈ I) be a cover of Xβ −Xβ without subcover of cardinality < τ .
Set Wi = Ui ∪ Xβ ∪ (X − Xβ), which yields a cover of X by open dense sets
with the same property, a contradiction since X is od-Lindelo¨fτ .
In view of the impressive list given in [9], it might be interesting to notice the
following corollary:
Corollary 4.7. A manifold is metrizable if and only if it is od-Lindelo¨f.
Proof. A manifold is metrizable iff all its connected components are metrizable, so
we may assume the manifold to be connected. A manifold is locally compact and
its singletons are not open, so it cannot possess an open discrete subset, hence is
Lindelo¨f if and only if od-Lindelo¨f. We conclude by recalling that Lindelo¨fness and
metrizability are equivalent for connected manifolds.
The next lemma yields more consequences of Theorem 4.4:
Lemma 4.8. Let τ be a regular cardinal, X an od-Lindelo¨fτ space, D the subspace of
its isolated points. Then X−D does not contain a clopen discrete subset of cardinality
≥ τ .
Proof. Notice that D is open and discrete, so X −D, being closed, is od-Lindelo¨fτ
by Lemma 2.4. Suppose that X−D contains a clopen (in X−D) discrete subset D0
of cardinality ≥ τ . Then D∪{x} is a neighborhood of x for each x ∈ D0, and setting
Vx = {x} ∪ (X −D0) yields an od-cover without subcover of cardinality < τ .
It follows immediately:
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Corollary 4.9. Let τ be a regular cardinal, X be a locally openly Lindelo¨fτ space with
odL(X) ≤ τ . Let D ⊂ X be the subset of isolated points. Then X −D is Lindelo¨fτ .
We shall later relax the local openly Lindelo¨fness assumption, so let us introduce
a notation.
Definition 4.10. Let τ > ω be a regular cardinal, and X be a topological space.
Lτ (X) = {x ∈ X : ∃ an open Lindelo¨fτ U ∋ x}
NLτ (X) = X − Lτ (X).
We denote by C(X) the subset containing the points possessing a compact neighbor-
hood, and set NC(X) = X − C(X).
It is immediate from the definition that Lτ (X) and C(X) are open. There are
simple spaces with NC(X) (resp. NLτ (X)) consisting of just one point: the cone
[0, 1]× Y/ (0, y) ∼ (0, z) over any locally compact (resp. locally openly Lindelo¨fτ ) Y
which is not compact (resp. Lindelo¨fτ ).
Theorem 4.11. Let κ ≥ ω1 be a regular cardinal and X be a T1 space such that
odL(X) ≤ κ and L(NLκ(X)) ≤ κ. Then, either L(X) ≤ κ, or X contains a clopen
discrete subset of cardinality ≥ κ.
Proof. Notice that if L(X) ≤ κ, then NLκ(X) = ∅. We have two cases.
i) There is some open U ⊃ NLκ(X) such that L(X − U) > κ.
We repeat the proof of Theorem 4.4 in X−U (which is od-Lindelo¨fκ) and apply
Lemma 4.5 in case 1) for Y = (Xβ − V ) ∩ (X − U), yielding the same result.
ii) For all open U ⊃ NLκ(X), L(X − U) ≤ κ.
In this case, L(X) will be ≤ κ. Indeed, given a cover of X by Vi, i ∈ I, let
Vik for k ∈ J be a subcover of NLκ(X) of cardinality < κ. Then, X − ∪k∈JVik
being Lindelo¨fκ, is covered by < κ many more Vi.
5 od- and linear-Lindelo¨fness
Here, we show the relations between od- and linear-Lindelo¨fness. First, an easy
theorem.
Theorem 5.1. Let κ be a regular cardinal.
a) The subspace of non-isolated points of a T1 od-Lindelo¨fκ space is linearly Lindelo¨fκ.
b) If the subspace of non-isolated points of a space is Lindelo¨fκ, the space is od-
Lindelo¨fκ.
c) A T1 space is od-compact iff the subspace of its non-isolated points is compact.
Proof. a) Let D contain the isolated points of X and set Z = X − D. Then by
Lemma 2.4 odL(Z) ≤ κ, and Z does not have a clopen discrete subset of cardinality
≥ κ by Lemma 4.8. Let Uα (α ∈ λ) be a chain-cover of Z. We may assume λ to
be regular. If some Uα is dense in Z, then each Uβ for β ≥ α is such, so there is a
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subcover of Z of cardinality < κ. We may now assume that none of the Uα is dense
in Z. But then X satisfies the hypotheses of Lemma 4.5 for Y = Z, which yields
λ < κ.
b) By Lemma 3.5 a).
c) By Corollary 7.3 below, a linearly compact space is compact, the result follows
thus from a) and b).
When κ > ω, one can get a finer result (though not as good as in the compact
case):
Theorem 5.2. Let X be a T1 space with odL(X) ≤ κ for a regular κ ≥ ω1, and
D ⊂ X be the subset of isolated points. Then X = D ⊔ X0 ⊔X1, where X0 ∪ D is
open, L(X0) ≤ κ, X1 is closed, ℓL(X1) ≤ κ, and any open set U with U ∩X1 6= ∅
satisfies L(U) > κ.
Proof. Set Z = X − D, again odL(Z) ≤ κ, and Z does not have a clopen discrete
subset of cardinality ≥ κ. Set X0 = Lκ(Z), X1 = NLκ(Z). By Lemma 2.4, odL(X0) ≤
κ and odL(X1) ≤ κ. Notice that NLκ(X0) = X0 ∩X1 is closed and nowhere dense,
so L(NLκ(X0)) ≤ κ, and by Theorem 4.11, L(X0) ≤ κ.
We now repeat the proof of Theorem 5.1. Let Uα (α ∈ λ) be a chain-cover of X1.
As above we may assume that none of the Uα is dense in X1. But then Z satisfies
the hypotheses of Lemma 4.5 for Y = X1 ⊃ ∪α∈λUα, which yields again λ < κ.
Examples 5.3. There are linearly Lindelo¨f non-od-Lindelo¨f spaces.
These spaces are examples of linearly Lindelo¨f non-Lindelo¨f (abbreviated ℓLnL
below) spaces found in the literature, which happen to be non-od-Lindelo¨f.
• Probably the first example of an ℓLnL space was given by Miˇscˇenko in [13]. It
is a Tychonoff space, defined as the subset of R = Πi∈ω(ωi + 1) by the union
∪k∈ωRk with Rk =
(
Πi=0,...,k−1(ωi + 1)
)
×
(
Πi∈ω, i≥kωi
)
. (As usual, we denote
by ωi the i-th cardinal above ω = ω0, and by ωω the sup of these ωi.) The proof
given in [13] can be easily adapted to show that the od-cover given by the Γα,i,
defined for i ∈ ω and α ∈ ωω as the subset of points whose i-th coordinate is
not a limit ordinal ≥ α, does not admit a subcover of cardinality < ℵω, so this
space is not od-Lindelo¨f.
• Arhangel’skii and Buzyakova [2, Example 4.1] gave a description of another
Tychonoff ℓLnL space X, which is a subspace of DA, where D is the discrete
space {0, 1} and A is discrete with cardinality ℵω. X is the subspace consisting
of the points that have less than ℵω coordinates equal to 1. They show that X
is pseudocompact since it contains a dense countably compact subspace, and
non-compact since it is not closed in DA. It happens that X is non-od-Lindelo¨f.
Indeed, fix an uncountable A0 ⊂ A such that |A− A0| = ℵω, and let B be the
subset of X consisting of points whose coordinates in A0 are all 0. Then B
is closed and nowhere dense (since it does not contain a basic open set, where
only a finite number of coordinates are fixed). But B is homeomorphic to X,
10
and thus non Lindelo¨f, so by Lemma 2.4 X is non-od-Lindelo¨f. The modified
version in [3] has the same property.
• Kunen [10, 11] found locally compact ℓLnL spaces. Recall that a locally compact
space is Tychonoff and thus regular, so by Lemma 4.2, X is locally openly
Lindelo¨f, thus NLω1(X) = ∅. A linearly Lindelo¨f space does not contain an
uncountable clopen discrete subset, so by Theorem 4.4 X is not od-Lindelo¨f.
These results and examples raise the following questions:
Question 5.4. Is there a T1 space which does not contain a clopen uncountable
discrete subset that is od-Lindelo¨f and non-Lindelo¨f ?
Question 5.5. What conditions should be added to linear Lindelo¨fness to ensure that
a space is od-Lindelo¨f ?
6 Images of od-Lindelo¨f spaces
Notice that the continuous image of an od-compact space may be violently non-od-
compact:
Example 6.1. Denote by κd the cardinal κ with the discrete topology, while κ is
endowed with the usual order topology. Then odL(κd) = 2, while odL(κ) = cf(κ),
and the identity map κd → κ is continuous.
However we have preservation if the map is open, and also if the map is closed
and X is T1 and od-compact. The proof of the latter fact uses Theorem 5.1 c). We
found neither an easier proof (which we believe should exist) nor a general result for
od-Lindelo¨fκ spaces with uncountable κ.
Lemma 6.2. Let X, Y be spaces, and f : X → Y be continuous.
a) If f is open then odL(f(X)) = odL(X).
b) If f is closed and X is T1 and od-compact, then f(X) is od-compact.
Proof. In both cases we may assume that f(X) = Y .
a) First, f(X) is open in Y , so a relatively open subset of f(X) is indeed open.
Let {Uj : j ∈ J} be an od-cover of f(X). If f
−1(Uj) misses some open nonempty
W ⊂ X, then Uj ∩ f(W ) = ∅, which is impossible. Thus {f
−1(Uj) : j ∈ J} is an
od-cover, and we conclude by extracting a subcover and mapping it through f .
b) Let D be the set of isolated points of X, then X −D is closed and compact
by Theorem 5.1 c) so f(X − D) is closed and compact as well. We now show that
the points in Y − f(X −D) are isolated, by Lemma 3.5 a) this yields that f(X) is
od-compact. Let x ∈ D be such that f(x) /∈ f(X −D). Define the open subset
Zx = {z ∈ D : f(z) = f(x)},
then {f(x)} = Y − f(X − Zx) is open, which shows that f(x) is isolated.
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7 Appendix: Classical results on linearly Lin-
delo¨f and compact spaces
Here we recall some classical basic results, due to Alexandroff and Urysohn [1]. Con-
sider the following properties for a space X and a regular infinite cardinal κ:
If B is a subset of regular cardinality ≥ κ, it has a point of complete
accumulation.
(CAP(κ))
If B is a subset of cardinality ≥ κ, it has a point of complete
accumulation.
(CAP+(κ))
Then, we have:
Lemma 7.1. X satisfies CAP(ω) iff it satisfies CAP+(ω).
Proof. CAP+(ω) implies trivially CAP(ω), we thus show the other implication. Let
κ ≥ ω be minimal such that there is some B ⊂ X with |B| = κ without complete
accumulation point, κ must be singular and > ω by CAP(ω). Thus, for all infinite
λ < κ′, there is an accumulation point xλ of B such that any open set containing xλ
intersects B in at least λ points. Let τ = cf(κ) < κ, and Let f : τ → κ be a cofinal
map. Since C = {xf(α) : α ∈ τ} has a cardinality less than κ but ≥ ω, it possesses a
complete accumulation point x. (In this part of the proof we really need ω.) Thus,
any open U ∋ x contains xλ for a subset of λ cofinal in κ. Hence, it intersects B in
more than λ points for each λ < κ, and therefore in κ points.
Theorem 7.2. Let X be a space and κ be regular.
a) X satisfies CAP+(ω) iff L(X) = ω (i.e. X is compact).
b) If X satisfies CAP+(κ) then L(X) ≤ κ.
c) X satisfies CAP(κ) iff ℓL(X) ≤ κ.
Proof. a) Assume X to be compact, and let B ⊂ X be infinite. If there is no
complete accumulation point for B, then for each x ∈ X there is an open set Ux ∋ x
with |Ux ∩B| < |B|. Taking a finite subcover, this yields that |B| is a finite sum of
smaller cardinals, which is impossible. The converse is included in b).
b) Let κ be regular. Suppose that L(X) > κ, and let κ′ be minimal such that
there exists an open cover 〈Uα : α ∈ κ
′〉 of X without a subcover of cardinality < κ.
Set Vα = ∪β<αUα. If for some α < κ
′ we have Vα = X − E, with |E| < κ
′, then
letting β(x) be the smallest β such that x ∈ Uβ , we get that
〈Uβ : β < α or β = β(x) for some x ∈ E〉
is a cover of X by less than κ′ open sets, thus by minimality of κ′ there is a cover of
cardinality < κ, a contradiction. Thus, for each α there is xα 6∈ Vα. Hence xα 6∈ Uβ
for each β < α, and B = {xα : α ∈ κ
′} has no complete accumulation point.
(Because each x ∈ X belongs to some Uβ which contains < κ
′ points of B.)
c) Assume that ℓL(X) ≤ κ, and let B = {xα : α < κ
′} for some regular κ′ ≥ κ.
Set Bβ = {xα : β ≤ α < κ
′}, and Uβ = X − Bβ. Then 〈Uβ : β ∈ κ
′〉 is a chain for
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the inclusion. If it covers X, we may extract a subcover of cardinal < κ, and since κ′
is regular, there is some β < κ′ (the sup of the indices in the subcover) with Uβ = X.
Thus Bα is empty for each α > β, a contradiction. Therefore there is some x ∈ X
such that x 6∈ Uβ (that is, x ∈ Bβ) for all β. Given an open set U ∋ x, for each β
there is an α ≥ β with xα ∈ U . The regularity of κ
′ implies then that |U ∩ B| = κ′,
so x is a complete accumulation point.
Conversely, given an open cover 〈Uj : j ∈ J〉 of X which is a chain and does not
possess a subcover of cardinality < κ, let λ be minimal such that there is a cofinal
map f : λ → J . Then λ is regular, and writing Vα for Uf(α), 〈Vα : α ∈ λ〉 is a
cover of X, which does not possess a subcover of cardinality < κ. For each α ∈ λ let
xα 6∈ Vα, then B = {xα : α ∈ λ} has no complete accumulation point, because each
Vα contains less than λ points of B, and they cover X. This contradicts CAP(κ).
Notice that the last part of the proof does not work if one takes a cover that is not
a chain. Moreover, the converse implication of b) does not hold: ωω induced with the
order topology is Lindelo¨f but it does not posses a point of complete accumulation.
The corollary we used in Theorem 5.1 follows immediately:
Corollary 7.3. A space is compact iff it is linearly compact.
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